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tG • Abstract 

-)— > 

The minimum skew rank of a simple graph G is the smallest possible rank 
among all real skew symmetric matrices, whose (i, j)-entry (for i j^ j) is nonzero 
whenever ij is an edge in G and is zero otherwise. In this paper we study the 
problem of minimum skew rank of powers and strict powers of paths. 
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1 Introduction 



The minimum rank problem of a graph G calls for the computation of the smallest pos- 
C^ ' sible rank among the matrices with a specific property (symmetric, skew-symmetric, 

Hermitian, positive definite), described by the graph G and having entries in a given 
field F. This problem has received considerable attention in the last few years (see 
for example [31 21 [TUl [T31 [H]). Observe that many of these articles contain solutions 
to the minimum rank problem for special classes of graphs, matrices, or fields (see 
[21 [5l [6l [71 m [9l [11]). We have selected to work with skew-symmetric matrices over K, 
and the graphs under consideration are two different kinds of powers of paths. 
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The minimuni rank of powers and strict powers of paths and trees was researched by 
the Minimum Rank Group at the AIM Workshop [T] , the results of this study appear- 
ing in [3]. The minimum skew rank problem was researched by the Minimum Skew 
Rank Group at the IMA Workshop [T^], with the first results appearing in [5], and 
further results in [llj . Throughout this paper, we adopt the notation and terminology 
from [2], [9], [17], and [M]. 

A graph is a pair G = (VojEq), where Vg is the (finite, nonempty) set of vertices 
of G and Eg is the set of edges, where an edge is an unordered pair of vertices. 
All the graphs in this paper are simple graphs that is, all graphs are loop-free and 
undirected. The order of a graph G, denoted \G\, is the number of vertices of G. If 
e = uv E Eg, we say that u and v are endpoints of e; we also say that u and v are 
adjaeent. Two graphs G = {V,E) and G" = (V' , E') are isomorphic, and we write 
G = G', whenever there exist bijections cj) : V -^ V and ip : E ^ E' , such that v € V 
is an endpoint of e £ i? if and only if (t>{v) is an endpoint of tpi^)- A subgraph of a 
graph G is a graph H such that Vh C Vg and Eh Q Eg', the graph G — e denotes 
the subgraph (Vg, Eg \ {e}) of G. If M^" C Vg and £" = {uv : u,v € W,uv G Eg}, 
the graph {W,E') is referred to as the subgraph of G induced by W. The subgraph 
of G induced by Vg \ {"J^} is denoted by G — u. A path on n vertices is the graph 
Pn = ({f ij W2, . . . , Vn}, {ci : 6,; = ViVi+i, 1 < i < n — 1}). A graph G, is connected if 
for every pair u,v £ Vg, there is a path joining u with v. A walk of length r in a 

graph {V,E) is an alternating sequence: Wi(, , e^j , w^j , Cij , ,Vi^,ei^, of vertices, 

Vi- £ V, and edges Ci, £ E, (not necessarily distinct), such that Vi_-^ and Vi- are 
the endpoints of ei . , for j = 1,2, . . . ,r. A complete graph is a graph whose vertices 
are pairwise adjacent, a complete graph on n vertices is denoted by ii'„. A graph G 
is bipartite ii Vg ~ X UY, with X DY = 0, and such that each edge of G has one 
endpoint in X and the other in y. A complete bipartite graph is a bipartite graph 
in which each vertex in X is adjacent to all the vertices in Y; a, complete bipartite 
graph is denoted by i^,ii.„2, where \X\ = ni and |y| ~ n2- The union of graphs 
Gi, G2, . . . , Gfe, denoted Uti G,, is the graph (uf^^ Vi,U^^^ E,). 

A matrix A G R"^" is skew- symmetric if A"'" = —A; note that the diagonal elements 
of a skew-symmetric matrix are zero. An n x n skew-symmetric matrix, A ~ [atj] is 
a band matrix of bandwidth p if Oi^p+i ^ 0,1 < i < n — p. The graph of A, denoted 
G{A), is the graph with vertices {1, ...,n} and edges {ij : a-ij ^ 0,1 < i < j < n}. 
Let S-{G) ^ {A e R"^" : A^ = -A,g{A) = G} be the set of skew-symmetric 
matrices described by a graph G. The minimum skew rank of a graph G is defined as 
mr-(G) = min{rank(A) : A G S-{G)}. 

Definition 1.1. fl2\ p. 281] Let r be a positive integer and G ~ {Vg,Eg) a graph. 
The graph G to the power r is the graph G^ = {Vg,Eg''), where ij G Eg^ if and only 
if there is a walk in G from vertex i to vertex j of length at most r. 



Definition 1.2. Let r he a positive integer and G ~ {Vg,Eg) a graph. The graph G 
to the strict power r is the graph G^^' = (Vg, i^gir) ), where ij £ -E^cr) if and only if 
there is a walk in G from vertex i to vertex j of length exactly r. 

The following results are can be found in [5], where it was established that, in general 
minimum (symmetric) rank and minimum skew rank cannot be compared, in this 
paper we establish that if G is a power of a path or a strict power of a path, then 
mr(G) <mr-(G). 

Observation 1.3. Let G be a graph. 

1. Lf H is an induced subgraph of G, then mT~ (H) < mr~(G). 

2. Lf G has connected components Gi, . . . , Gk, then mr^(G) = X]j=i mr^ (Gi). 

3. IfG = Uti G^, then mr-(G) < Eti mi- (G,). 
Proposition 1.4. IH Proposition 4--1] For a path P„ on n vertices, 

n if n is even] 



[_ n — 1 ij n IS odd. 

Theorem 1.5. Theorem 2.1] Let G he a connected graph with \G\ > 2 and let F 

be an infinite field. Then the following are equivalent: 

1. mT-{F,G) =2, 

2. G ^ L^ni,n2,...,nt for some t > 2, Ui > I, i = I, . . . ,t, 

3. G does not containt P4 nor the paw as an induced subgraph. 

2 Minimum Skew Rank of Powers of Paths 

The connection between mr~ [P^) and mr~ ( Pn J is not made clear in [5]. However, 
we have found that when r is even (sec Theorem 12. 7p . these two quantities arc closely 
related. For the remainder of our discussion we denote the set of vertices of P„ by 
{1, 2, . . . , n — 1, 71}, where 1 and n are the pendant vertices, and ij G Ep^ if and only 
if \i — i\ = 1. The following lemma contains some needed results, we omit the proof. 

Lemma 2.1. For a positive integer m, with 1 < m < n, and i G {l,2,...,n — tti + I}, 
the induced subgraph of PJ^ I P„ , respectively] on the set of vertices {i,i + l, . . . ,i + 

771—1} is isomorphic to Pf^ {Pm: respectively]. 



2.1 Minimum Skew Rank of Usual Powers of Paths 

Wc know that mr" (P3) = mr" (P2) = 2, and that PJ - ^'2, P^ = K^, for r > 2, 
thus mr- (PJ) = mr" (PJ) = 2. 

Theorem 2.2. //n anrf r are positive integers, with n > 4, then 

{n ^ r if 1 < r < n — 3 and n ^ r is even, 

n — r + 1 if 1 < r < n — 3 and n ^ r is odd, 
2 if r > n - 2. 

Proof. Recall ([5]) that the graph P,"~^ is a complete multipartite graph isomorphic 
to Kn — e, where e is the edge In. When r > 71 — 1, the graph P^ is a complete graph 
isomorphic to A'„. Thus if r > n — 2, it follows from Theorem 1 1.51 that mr~ (P^) — 2. 

Let 1 < r < n — 3, and observe that each matrix in S^ (Pn) i^ the sum of r + 1 
band matrices of bandwidths 1, 2, . . . , r + 1 and zero diagonal, thus the upper left 
(n—r) X (n—r) submatrix is lower-triangular with nonzero diagonal f |14|'). and we have 
mr^ (Pn) > n — r, except that, when n — r is odd, we must have mr~ (P,^) > n — r + 1. 
In particular, note that if ?' = n — 3 or r = n — 4, then mr~ (P^) > 4. 

For the cases 1 < r < n — 3, we proceed by induction on n > A. For n = 4, 
we have mr^ (P4) = 4 = (4 — 1) + 1, and mr~ (P4) = 2. For n = 5, we have 
mr" (P5) = 4 = 5-1. Clearly (Figure[l]), mr" (P^) = mr" (P4) =4 = 5-2 + 1, and 
form Theorem [in mr- (Pj*) = 2. 
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Figure 1: The graphs P| and P^ - {3}. 

Let fc be a fixed integer, and suppose that for 4 < 71 < fc — 1, 

n — r if l<r<ri — 3 and 71 — r is even, 

mr~ (Pn) = i n — r + 1 if l<r<7i — 3 and 71 — r is odd, 

2 if 7' > 71 - 2. 

Let n = k, and let r be an integer such that 1 < r < 71 — 3. Let Hi be the subgraph 
of P^, induced by the set of r + 2 vertices {l,2,...,r + 2}, and H2 the subgraph of 



P,j, induced by the set of n — 2 vertices {3, 4, . . . , n}, so Hi = P^_|_2, and H2 = Pn-2^ 
and keeping the original labels on the vertices 

/^,; - (i7i U {r + 3, . . . , n - 1, n}) |J ({1, 2} U H^) . 

By [21 in Observation II .31 

mr- (P;;) < mr- (i?i U {r + 3, . . . , ?i - 1, n}) + mr" ({1, 2} U H2) = 
mr- {Hi) + mr- (i/a) = im- (P;+2) + mr" (P„^_2) . 

By previous discussion, mr^ {Pr+2) ^ 2, and by the induction hypothesis, 

{n — r — 2 if l<r<n — 5 and n — r — 2 is even, 
n — r — 1 if l<r<n — 5 and n — r — 2 is odd, 
2 if r > n - 4. 

Since n and n — 2 are both even or both odd, it follows that 

{n — r — 2 if l<r<n — 5 and 71 — r is even, 
n — r — 1 if l<r<n — 5 and n — r is odd, 
2 if r > n - 4, 

and consequently, that 

if 1 < 7' < n — 5 and n — r is even, 
1 if l<7'<n — 5 and 7i — 7' is odd, 
if r > 77, — 4. 

Since mr" {P^) ^ 4 for r = 77, — 3orr = 77, — 4, this is equivalent to 

{n — r if l<r<77, — 3 and 7i — r is even, 

77 — r + 1 if l<r<77 — 3 and 77 — r is odd 
4 if 7' > 77 - 2 

The proof of the theorem is now complete. D 

Corollary 2.3. Ifn andr are positive integers, withn > 3, then vnv {P^^) < mr^ (Pji); 
with equality if and only if 1 < r < n — 'i and n — r is even. 



2.2 Minimum Skew Rank of Strict Powers of Paths 

(r) (r) 

Note that Pj — P2 — A'27 if '' is odd and Pj = KiU Ki, ii r is even, thus when 
r > 1, mr" ( P2 J = 2 for r odd, mr" ( P^ ) = for ?■ even. Also, P3 = P3 if r is 

odd and Pg'-* = K2 U A'l if r is even, thus for r > 1, mr" ( P3 ) = 2. 




Lemma 2.4. Let n and r be positive integers, with rt > 3 and r >n — 2. 
1. Ifr is odd, then mr" (Pn^) = 2. 



2. If r is even, then mr ( Pn ) = 4. 



(r) 



Proof. Recall ([9]) that when r > n — 2, and r is odd, Pn = Kin/2\.\n/2'] , a-nd when 
r is even, P„ = K[n/2\ U K\n/2]- The result follows from Theorem 11.51 D 

Theorem 2.5. If n and r are positive integers, with n >3 and r odd, then 



(^"^0 



n — r if \ < r <n — i and n is odd, 

n — r + I if I < r < n — 3, and n is even, 
2 if r > n - 2. 



Proof. The case r > n — 2 follows from Lemma 12.41 Let 1 < r < n — 3, and observe 
that each matrix in S^ ( Pn ) is the sum of r + 1 band matrices (with zero diagonal) 



of bandwidths 1, 3, . . . , r + 1 if r is even and bandwidths 2, 4, . . . , r + 1 if r is odd, thus 
the upper left (n — r) x {n — r) submatrix is lower-triangular with nonzero diagonal 
(|14|). thus the upper left (n — r) x (n — r) submatrix is lower-triangular with nonzero 
diagonal, and we have mr^ I P„ ) > n — r, except that, when n — r is odd, we must 



( 



have mr ( P„ ) > n — r + 1. In particular, note that if r = n — 3 or r = Ji — 4, then 



Pt^ ) > 4. 



Thus, mr- ( P^^ 1 > 



n 


— r 


if 


l<r <n- 


- 3 and n is odd, 


n 


-r + 1 


if 


l<r <n- 


- 3 and n is even 


2 




if 


r > 71-2. 





The rest of the proof is by induction on n, note that the cases n = 3 and r > n — 2 
follow from Lemma 12.41 Let I < r < n — 3 and assume that for 3 < ?i < fc — 1 we 

{n ^ r if 1 < 7' < n — 3, tt. is odd, 

77 — ?■ + 1 if 1 < 7' < 77 — 3, 71 is even 
2 if r > 77 - 2. 

(r) 

Let n = k, and let Hi be the subgraph of Pn induced by the set of vertices 
{1, 2, . . . , 77 — 2}, and H2 the subgraph of Pn induced by the set of vertices {77, — r — 
1,71 — r, . . . ,71}], so Hi = Pn--27 a.nd H2 = ^,.+21 ^^^^ keeping the original labels on 
the vertices 

pW-(iJiU{7i-l,7i})U({l,2,...,7i-r-2}Ui/2). 



BylU in Observation II. 3[ 

mi-- (P,[''A < mr- {Hi U {n - 1, n}) + mr" ({1, 2, . . . ,n - r - 2} U H2) 

mr" (Hi) + mr" {H2) = mr" (-P^lO + m^" (-Pr- 
So by Lemma 12.41 and the induction hypothesis, 



r+2 



(n — 2) — 7' if 1 < r < (?i — 2) — 3 and n is odd, 

(71 - 2) - r + 1 if 1 < r < (71 - 2) 
2 if r > (71 - 2) - 2 



mr" ( P^% ) = <( (71 - 2) - r + 1 if 1 < r < (71 - 2) - 3 and n is even, 



and mr I iv+2 ) =2. It follows that 

{(tt, — 2 — r)+2 if l<r<r7 — 3 and n is odd, 

(n-2-r + l) + 2 if l<r<7i-3 and n is even, 
4 if r > 77, - 2 

{n — r if l<r<77 — 3 and ri is odd, 

n — r + 1 if l<r<r7 — 3 and n is even, D 
2 if r > n - 2. 

Lemma 2.6. If n and m are positive integers with n > 3, then P„ *" = Pl^ , UPr^-, , 
the union being a disjoint union. 

Proof. As before, we denote the set of vertices of P„ by {l,2,...,n — l,n}, the 
set of vertices of P[2ij by {fi, ^2, ■•■ 7 «[-]}' ^^'^ ^^'^ ^^^ '-'^ vertices of P\^.^ by 
{ui,U2,...,u^q-l}. 

Define (f) : {1,2, . . . ,n - l,n} — > {ui, W2, ...,«[:§.]} U {ui,W2, •■•, "[f]} by 

:f ,( vt if w = 2t,te{l,2,...,l^\} 
^^"^^ 1 u, if u;==2s-l,sG{l,2,...,rfl}. 

Clearly (f> is an bijection. 

We know, from ^ Theorem 3.6] (see also Theorem 8.1.3 in [Hj), that uv S i?p(2m) if 
and only if |w — w| G {2777,, 2777, — 2, 277T, — 4, ... , 2}, thus both u and u must be even, or 
both must be odd. Define ib : E„(2m) — > Ep^^ U Ep^ by 

r ut^ut^ if wi = 2ti,u;2 = 2t2,ti,t2 e {1,2,..., [fj} 
7/;^77;iu;2J \ ^^^^^^ jf ^^,1 = 2si - 1, 7^2 = 2^2 - 1, si, .S2 G {1, 2, . . . , [f 1}. 

Assume that t/j (7x117x12) = Vt^vt^, for some ti,t2 G {1,2,..., [§J}, then \vti ~ ''-h^] = 

1^1—^2! = 5 |U71 — 7i;2| G {777, 777 — 1, 777 — 2, ... , 1}, thuS < |utj ~ ^(2 I — '^ ^-^^ 

'^*i^t2 € -^P™„ ■ Similarly, ip {W1W2) — Us-^Ug.^ G -Bp">„ . The details for showing 7/; is 

L-fJ r^i 

an bijection are straightforward. D 



Theorem 2.7. If n and r are positive integers, with n > 4, and r = 2s, then 

71 — r + 1 if l<r<?i — 3 and n is odd, 

' u(r) \ ) IT- ^ ">" if 1 < r < n — 3,n = 2t,t — s even 

n — r + 2 if 1 < r < n ^ 3,n ~ 2t,t — s odd 

4 if r > n - 2. 



Proof. The case r > n — 2 follows from Lemma 12.41 Suppose n is odd, and 1 < r < 
n - 3. By Lemma HH Pi''^ = PJ-^"^ = P^„^ U P^r.^ , and one of [f ] and [|J is even 
and the other is odd. In either case, from Theorem 12.21 and [5] in Observation II. 3[ 
it follows that mr" ( P^A = mr" (Pr\, U P^ ,") = mr" (p^„n] + mr" ( Pf 



[§] - s + Lf J - s + 1 = n - 2s + 1 = n - r + 1. 

Now let n be even, n = 2t, and 1 < r < n — 3, so that by Lemma I276| Pn = Pn — 
P/ U P/, and thus mr" (Pn^) = 2mr- (P/). From Theorem[221 mr" (P/) = t - s, 

if i — s is even, and t — s + 1, if t — s is odd. Therefore, mr^ I P„ 1 = 7i — r, if f — s 
is even, and n — r + 2, if f — s is odd. D 

Corollary 2.8. If n and r are positive integers with n > 3, then mr I P„ J < 

mr^ I P„ ) , with equality if and only if n and r are both odd, or n and r are both 
even, n = 2t, r = 2s and t — s is even. 
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